The moduli space M A of weighted pointed stable curves of genus zero is stratified according to the degeneration types of such curves. We show that the Chow groups of M A are generated by the strata of M A and give all additive relations between them. This generalizes Kontsevich-Manin's and Losev-Manin's theorems to arbitrary weight data A.
Introduction
The stability conditions have been used to compactify the moduli spaces with desired properties. Families of moduli spaces with respect to stability parameters have recently attracted attention in various contexts, such as, weighted maps [1, 2] , weighted pointed curves [6, 13, 14, 15] , weighted configuration spaces, vector bundles and applications to representation theory [7, 8] ,and triangulated categories [3] .
Moduli space of pointed stable curves of genus g has been extensively studied in the literature. In [6] , Hassett enriched the pointed curves by assigning a weight to each marked point and studied the moduli stack of weighted pointed stable curves. In particular, he studied the variation of the compactification of moduli space and corresponding chambers of the stability conditions and wall crossing phenomena.
The Chow groups of the moduli spaces M A of pointed weighted stable curves of genus zero corresponding to particular chambers of stability data play essential role in context of mirror symmetry, quantum cohomology and • a flat proper morphism π : C → B whose geometric fibers Σ are nodal connected curves of arithmetic genus zero; and
• a set of sections s = (s 1 , · · · , s n ) of π.
A weight data A is an element (m 1 , · · · , m n ) ∈ Q n such that 0 < m i ≤ 1 for i = 1, · · · , n and m 1 + · · · + m n > 2.
A family of nodal curves of genus zero with labelled points C → B is stable (with respect to A) if
• the sections s 1 , · · · , s n lie in the smooth locus of π, and of any subset {s i 1 , · · · , s ir } with non-empty intersection we have m i 1 + · · · + m ir ≤ 1;
• K π + m 1 s 1 + · · · + m n s n is π-relatively ample.
An A-pointed curves is a fiber (Σ; s) of a family which is stable with respect to A.
Graphs
A graph Γ is a collection of finite sets of vertices V Γ and flags (or half edges) F Γ with a boundary map ∂ Γ : F Γ → V Γ and an involution j Γ :
A weighted graph is a graph Γ endowed with a map A Γ : F Γ → Q∩]0, 1] such that A Γ (f ) = 1 for all flags that are part of an edge i.e., for which j Γ (f ) = f .
We think of a graph Γ in terms of its following geometric realization ||Γ||:
The geometric realization of Γ has a piecewise linear structure.
A tree γ is a graph whose geometric realization is connected and simplyconnected. If f ∈Fγ (v) A(f ) > 2 for all v ∈ V γ , then such a tree is called stable (with respect to A).
We associate a subtree γ v for each vertex v ∈ V γ which is given by
Morphisms of graphs
Let γ and τ be trees with n tails. A morphism between these trees φ : γ → τ is a pair of maps φ F : F τ → F γ and φ V : V γ → V τ satisfying the following conditions:
• φ F is injective and φ V is surjective.
• The following diagram commutes
Each morphism induces a piecewise linear map on geometric realizations. An isomorphism φ : γ → τ is a morphism where φ F and φ V are bijections.
Note that, there are only finitely many isomorphisms classes of weighted stable trees (with respect to A). We call the isomorphism classes of weighted stable trees A-trees. We denote the set of all A-trees by T ree.
Dual trees of weighted pointed curves
Let (Σ; s) be an A-pointed curve and η :Σ → Σ be its normalization. Let (Σ v ;ŝ v ) be the following pointed curve:Σ v is a component ofΣ, andŝ v is the set of points consisting of the preimages of special (i.e. labelled and nodal) points on Σ v := η(Σ v ). The pointsŝ v = (s f 1 , · · · , s f |v| ) onΣ v are ordered by the flags f * ∈ F τ (v).
The dual tree γ of an A-pointed curve (Σ; s) is an A-tree consisting of following data:
• V γ is the set of components ofΣ.
• F γ is the set consisting of the preimages of special points.
• j γ : f → f if and only if s f is a labelled point, and j γ :
Note that, the tails don't necessarily correspond to a single labelled point. We denote the set of labelled point {s i 1 , · · · , s ir } (which are coincide) corresponding to a tail f by T γ [f ].
Combinatorics of degenerations 2.2.1 Contractions of edges
Let (Σ; s) be an A-pointed curve with the dual tree γ. Consider the deformation of a nodal point of (Σ; s). Such a deformation of (Σ; s) gives a contraction of an edge of γ: Let e = (f e , f e ) ∈ E γ be the edge corresponding to the nodal point and ∂ γ (e) = {v e , v e }, and consider the equivalence relation ∼ on the set of vertices, defined by:
and v e ∼ v e . Then, there is weighted tree γ/e whose vertices are V γ / ∼ and whose flags are F γ \ {f e , f e }. The involution, boundary and weight maps of γ/e are the restrictions of j γ , ∂ γ and A γ .
Identifications of tails
Let C → B be a family A-pointed curve with the dual tree τ . Let f i 1 , · · · , f ir be the tails corresponding to a set of labeled points supported by the same component Σ v with m i * ≤ 1. Consider the limits of this family where corresponding labelled points intersect. Such a degeneration of (Σ; s) gives an identification of a set of tails of τ : Consider the equivalence relation ∼ on the set of tails, defined by:
Denote the equivalence class of flags of colliding points by f new . Then, there is weighted tree γ whose vertices are V τ , whose flags are F τ / ∼, and the set of colliding labelled points is
We use the notation γ < τ to indicate that either τ is obtained by contracting some edges of γ, or γ is obtained identification of set of tails of τ .
Stratification of the moduli space M A
The moduli space M A is the space of isomorphism classes of A-pointed curves. This space is stratified according to degeneration types of A-pointed curves which are given by weighted trees. The principal stratum M A corresponds to the one-vertex tree and is the quotient of the product (P 1 ) n minus the diagonals ∆ = k<l {(s 1 , · · · , s n )|s k = s l } by Aut(P 1 ) = P SL 2 .
Theorem 1 (Hassett, [6] ).
1. For any n ≥ 3, M A is a smooth projective algebraic variety of dimension n − 3.
Any family of pointed weighted stable curves over
B is induced by a unique morphism κ : B → M A .
For any
A-tree γ, there exists a quasi-projective subvariety D γ ⊂ M A of codimension |E γ | + n − |T γ | parameterizing the curves whose dual tree is given by γ. The subvariety D γ is isomorphic to v∈Vγ M Aγ v where A γv = A : F γ (v) →]0, 1] ∩ Q. 4. M A is stratified by pairwise disjoint subvarieties D γ . The closure of any stratum D γ is stratified by {D γ ′ | γ ′ ≤ γ}.
Reduction morphisms
Let A = (m 1 , · · · , m n ) and A ′ = (m ′ 1 , · · · , m ′ n ) be collections of weight data such that m ′ i ≤ m i for all i. In [6] , Hassett showed that there exists a natural birational reduction morphism
The image ρ A,A ′ (Σ; s) of (Σ; s) ∈ M A is obtained by successively collapsing components of Σ along which K Σ + m ′ 1 s 1 + · · · + m ′ n s n fails to be ample.
Homology of the strata of M A
In this chapter, we calculate the homology of the strata of M A relative to the union their substrata of codimension one and higher. 
Forgetful morphism
The restriction of the forgetful morphism maps a stratum D γ * ⊂ M B onto a stratum D γ ⊂ M A i.e., it defines a forgetful morphism of tree φ s n+1 : γ * → γ.
Fibers of the forgetful morphism
Let π : D γ * → D γ of be the restriction of the forgetful morphism π : M B → M A forgetting the labeled point s n+1 . Let φ s n+1 : γ * → γ be the corresponding forgetful morphism of trees, and let v s = ∂ γ * (s n+1 ).
We will denote the fibers π −1 (Σ; s) of the forgetful morphism π simply by F γ * .
(1) If (Σ * , s * ) ∈ D γ * does not require the contraction of its component Σ * vs after forgetting the labeled point s n+1 , then the special points on Σ * vs must satisfy the inequality f ∈F γ * (vs)\{s n+1 } B(f ) > 2. For all such (Σ * , s * ), Σ * = Σ so Σ * vs = Σ vs = P 1 . For f ∈ F γ * (v s )\{s n+1 }, the special points p f are distinct in Σ vs . Therefore, the elements (Σ * , s * ) of F γ * are determined by the positions of the labelled point s n+1 in Σ vs . Since all special points are distinct,
, then the special points supported by Σ * v can realize all possible configurations. Therefore, the fiber F γ * is v M B γ * v . Consider the forgetful map for closed strata. In this case, we denote the fiber for (Σ; s) ∈ D γ by F γ * since it is the closure of the fiber F γ * in open stratum. By using the stratification in Theorem 1, we obtain a stratification of closed fibers F γ * .
Proof. This statement is a direct corollary of the stratification given in Theorem 1.
Homology of the two dimensional fibers of the forgetful morphisms
Let π : D γ * → D γ be the map forgetting the labeled point s n+1 which is discussed above. Assume that f ∈F γ * (vs)\{s n+1 } A(f ) > 2 i.e, the fibers are projective lines with punctures (see Lemma 3.1). Then, the cohomology of a fiber is generated by the logarithmic differentials
The homology with closed support H c 1 (F γ * ) is isomorphic to the cohomology group H 1 (F γ * ) and generated by the arcs connecting the pairs of punctures at s f 1 , s f 2 . These arcs are the duals of the cohomology classes ω f 1 ,s n+1 − ω f 2 ,s n+1 . We denote them by R s n+1 ,f 1 f 2 . The homology group
Homology of the strata
In this section, we give the generators of the homology of the closed strata D γ relative to the union of their lower dimensional strata Q γ := τ <γ D τ .
Lemma 3.3. Let π : D γ * → D γ be the fibration discussed Section 3.1. Then,
Proof. The strata D γ * and D γ are given by the products
The forgetful map π preserves the components (Σ * v , p * v ) of (Σ * , p * ) ∈ D γ * for v = v s = ∂ γ * (s n+1 ). Hence, it gives the identity map on the factors
On the other hand, it gives a fibration π res :
with the same fibers F γ * of π : D γ * → D γ . In the case of (4), the stratum D γ * is clearly D γ × F γ * . Hence, the claim follows from the Künneth formula.
In the case of (5), the spaces M B γ * vs and M Aγ vs are diffeomorphic to the products of P 1 \ {s 1 , s 2 , s 3 } minus all diagonals. The map π res forgets the coordinate subspace P 1 corresponding to the labelled point s n+1 i.e., it is
The logarithmic differentials d log(s n+1 −s f ) give global cohomology classes on M B γ * vs . On the other hand, we have seen that the restriction of these logarithmic forms to each fiber generate the cohomology of the fiber (see Section 3.2). By using Leray-Hirsch theorem, we obtain
The duality between cohomology and homology with closed support gives us isomorphisms which are needed to complete the proof
Since strata of M A are the products given in Theorem 1, their homology is the product of homology of their factors. Here, we give only the relative homology for the strata of one-vertex trees. Now, let γ be a one-vertex A-tree, let Q γ be the union of the codimension one and higher strata of the closed stratum D γ .
where j * , k * < i * and i 1 < · · · < i d < n. In particular,
where [D γ ] is the fundamental class of the stratum D γ .
Proof. Due its definition, the homology with closed support
where K ranges over all closed subsets of D γ . The group
where K ranges over all closed subsets of D γ which does not intersect with Q γ . In the limit, D γ \ K gives Q γ . Hence, the homology with closed support is isomorphic to the relative homology of D γ . On the other hand, Lemma 3.3 implies that
where F γ * is the fiber of the map forgetting s n+1 . We obtain the result by applying the forgetful morphism successively and using the generators of the homologies of closed support of the fibers given in Section 3.2. In order to simplify the notation, we omit the factors coming from the generators of the second homology of the fibers.
It is clear that the top dimensional relative homology is generated by the relative fundamental class [D γ ].
Chow groups of M A
In this section, we give the Chow groups of the moduli space M A in terms of generators and relations.
Interesting relations between strata of M A
Here, we introduce a set of interesting relations between the strata of M A which will play a crucial role in our description of the homology of M A .
Consider an A-tree γ such that dim
We define two A-trees γ 1 , γ 2 . The A-tree γ 1 is given in two separate cases:
• γ 1 is obtained by inserting a new edge e = (f e , f e ), to γ at v when
The second one γ 2 is given in a similar way:
• γ 2 is obtained by inserting a new edge e = (f e , f e ), to γ at v when
The distribution of flags are given by
We define d-dimensional class
where summation is taken over all possible γ 1 and γ 2 for a fixed set of flags
Proof. The ideal of the Chow group A 1 (M 0,n ) is generated by
where γ i , i = 1, 2 are two-vertex stable trees (see, for example [16] ). The notation f 
Chow groups of M A
As a first step, we calculate the homology groups of the moduli space M A over field C. 
Proof. First, we note that the statement directly follows when n = 4. In this case, the main stratum is P 1 \ {s 1 , s 2 , s 3 } and the classes of codimension one strata given by s i are pairwise rationally equivalent. The relation between the pairs of classes of codimension one strata is given by (6) .
We prove the statement for n > 4 by induction on n.
Let π : M B → M A be the map forgeting the labeled points n+1 . Here, we use the notations introduced in Section 3.1.
Let
The forgetful map π induces a filtration of M B :
Then, the spectral sequence of double complex gives us
We prove the theorem by writing down this spectral sequence explicitly. As a first step, we calculate the homology groups H p+q (E p , E p−1 ). From now on, we assume that the statement of the theorem holds for M A .
Step 1. Since all strata are even dimensional, we only need to consider (E 2p , E 2p−1 ) pairs. We can write homology of (E 2p , E 2p−1 ) as a direct sum of the homology of its pieces:
B-trees with more vertices or identified edges) are contained in these strata (see Theorem 1) . Moreover, these strata are pairwise disjoint since they are uniquely determined by the set F τ * (v s ). Hence,
and
Then, the differential d 1 :
is given by the differentials
where |V τ * | = |V γ | + 1 and |F τ * (v s ) = 3|. For each pair of points in lying in the same component of F γ * there is a generator in H c 1 (F γ * ) whose image under ∂ * gives the difference of these points. Therefore, the strata D τ * 1 D τ * 2 that are zero dimensional fibrations over D γ are homologous relative to π −1 Q γ .
It is important to note that, the kernel of the differential d 2 is trivial. This follows from the fact that same is true for ∂ * given in (10) and the relations of the homology of the fibers given in (3) .
By assuming the statement for the moduli space of weighted pointed curves with lower number of labelled points, in particular for M A , we set the factors H j (D γ , Q γ ) = Z[D γ ] when j = dim D γ and zero otherwise in Y * , * . Hence, we obtained that Y * , * are generated by the fundamental classes of strata. By this assumption, The total homology of the spectral sequence Y is obtained by imposing relations arising as image of d 2 :
The ideals I 2i are generated by a subset of relations R(γ * ; v, f 1 , f 2 , f 3 , f 4 ) = 0: If f ∈F γ * (v)\{s n+1 } B(f ) ≤ 2, they are arising from the homology relations of M B τ * vs . If f ∈F γ * (v)\{s n+1 } B(f ) > 2 and f i = s n+1 , the we have again R(γ * ; v, f 1 , f 2 , f 3 , f 4 ) = 0. These relations are obtained by pulling back the relations from M A . Finally, in addition to these, we have
in I 0 arising as image of d 2 which are described above.
Step 2. The calculation in Step 1 implies that the E 1 * * is generated by the fundamental classes of the strata. Moreover, it admits the relations that are imposed in the statement of the theorem: For each relation (11) in relative homology H * (E p , E p−1 ), there is a relation in H * (M B ). We have already obtained necessary relation: R(γ, v; f 1 , f 2 , f 3 , s n+1 ).
Step 3. We have a complete description of generators and relations in E 1 * , * . We need to calculate the differentials. Since all strata of M B are even dimensional, the differentials d i , i ≥ 2 are zero. Proof. The homology groups of complex points of the moduli space is generated by the fundamental cycles of its strata. Obviously, the strata of M A are algebraic cycles. Moreover, the relations between strata are given by rational equivalence in Lemma 4.1. The claim follows form the comparison isomorphisms between appropriate homology theories.
